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4.5.6: The auxiliary equation is r? — 57 + 6 = (r — 2)(r — 3) = 0. General solution:
y(z) = C; 2% + Oy e37.

4.5.14: The auxiliary equation is 72 + 7 = r(r + 1) = 0. General solution: y(z) =
C; + Cy e, From the initial conditions:

1=y(0)=C1 + (2

1= y/(O) = —CQ

Hence C1 =2,C3 = —1,and y(z) =2 —e™".
4.5.20: The auxiliary equation is r? — 4r +4 = (r — 2)? = 0. General solution: y(z)
C; e*® + Cy 2e?”. From the initial conditions:

L =y(1) = Cre* + Cqe?

L= y'(1) = 2C1e* + 3C¢?

Hence C7 = 2e72,Cy = —e72, and y(x) = 22772 — ge?772,

4.5.29: The auxiliary equation is 7> — 772 + 7r + 15 = 0. Notice that »r = —1 is a root
and the polynomial factors as r® — 7r2 4+ 7r 4+ 15 = (r+ 1)(7‘2 — 87+ 15). So the other
two roots are 3 and 5. General solution: y(z) = C;e™" + () e 4+ Cyed%.

4.5.40: Let’s assume @ > 0 for now because the initial conditions both satisfy this. Then
we can substitute z = e’. Then y(z) = y(e') and

d o dyde _dy

Sl i i

and
a2 T Gt Tt T da? de
Hence
dy d
90% = E@/(et)
d*y d? d
902@ = ﬁ@/(et) - 53/(€t)
So the equation turns into:
d? t d t t
g Y(€) + 6 y(e) +5y(e’) = 0

The auxiliary equation is 72 + 6r +5 = (r+ 1)(r 4+ 5) = 0. The general solution is

y(e') = Cre=t + Cae™5t. Hence y(x) = Cia~! + Cy275, which is a complete solution,

because it never crosses the y-axis, and we don’t have to worry about the case x < 0.
From the initial conditions:

—1=y(1)=Ci1+C



13=9y'(1)=-C1 - C;
So Cy = 2,0y = —3, and the particular solution is y(z) = 227! — 3275,
4.5.41: Smcex>2 x—2>0andwecanletx—2_e Then y(z) = y(e' +2) and
i (o) = dy dv @et
a" T dadt T da

and

d? dyde  dy , d% o2t dy

= a T T T wt
Hence xj—gyc = 4y(e! +2) and 3623272 = j; y(e! +2) — Ly(e! +2). So the equation turns
into:

2
d
wy(et +2) - 8%3/(& +2)+ 7y(et +2)=0

The auxiliary equation is 7* — 8 + 7 = (r — 1)(r — 7) = 0. So the general solution is
y(e! +2) = Crel + Cae™. Hence y(z) = Cy(x — 2) + Ca(x — 2)".

4.6.22: Auxiliary equation: r242r+17 = 0, and the roots are —1 4 4. General solution:
y(z) =y(z) =e " (C; cos(4dz)+ Cy sin(4z)). From the initial conditions:

123/(0):01

—1= y/(O) = —Cl + 402
Hence €4 = 1,03 =0, and y(z) = e~” cos(4x).
4.6.35: Let’s first assume @ > 0, and substitute @ = e*. Then y(z) = y(e') and
d (@) = dy dv dy ,
@’ T dedt T de”

and
e L
j = e - Sy

So the equation turns into:

d? d .
el + 22y + yle) = 0

The auxiliary equation is 724 2r+5 = 0. The roots are —1 +2i. So the general solution
is y(e') = e7'(C cos(2t) + Cysin(2t)). Hence y(z) = 271 (Cq cos(2Inz) + Cysin(21n )
for z > 0.
If 2 < 0, substitute # = —e’. Then y(z) = y(—e€') and
d dy dv dy ,
T T



and

2 2 2
By Pyl dy Ry dy

dt? dz? dt dx da? dx
Hence
dy d
T E@/(et)
d*y d? d
20y & eyt
v i) = ()

So the equation turns into:
2

d d
ﬁy(—et) + Q%y(—et) + 5y(—et) =0

The auxiliary equation is 724 2r+5 = 0. The roots are —1 +2i. So the general solution
is y(—e') = e '(Cycos(2t) + Cysin(2t)). Hence y(z) = (—2) '(Cqcos(2In(—x)) +
Cysin(21In(—=z))) for z < 0.
4.6.36: a. The equation is 102" (t) 4+ 250x(t) = 0, or after dividing by 10, it is 2"(¢) +
252(t) = 0. The auxiliary equation is r? + 25 =, and its roots are £5i. So the
general solution is x(t) = Cy cos(5t) + Cysin(5t). From the initial conditions

30 = 2(0) = ¢4

—10 = $/(0) = 502
Hence €7 = 30 cm, Cy = —2 cm, and the particular solution is 2(¢) = 30 cos(5t) —

2sin(5t).
b. v = %

4.6.37: a. The equation is 102" (¢) + 602'(t) 4+ 250z(t) = 0, or after dividing by 10, it is
2"(t) + +62'(t) + 252(t) = 0. The auxiliary equation is 7% + 67 + 25 =, and its
roots are —3 + 4i. So the general solution is x(t) = e~ (Cy cos(4t) + Cysin(4t)).
From the initial conditions

30 = 2(0) = C;
—10 = $/(0) = —301 + 402
Hence Cy = 30 cm, C'y = 20 cm, and the particular solution is z(¢) = e=3/(30 cos(5t)+

20sin(5t)).
b. v=5 =2

c. It reduces the frequency. It also introduces the decay factor of =3, which makes
the amplitude go to 0 exponentially with time.



