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4.8.11: Guess y(z) = A2”. Then

A2% (In2)* + A2° = 2¢
An2+4 = 1

A= ((n2)?+1) B

So a particular solution is y(z) = ((ln 2)* + 1)_1 27,
4.8.21: Let’s first find a particular solution. Guess y(¢) = Ae’sin(¢) + Be' cos(t). Then
L(y) = —Ae' cost + Be'sint — Ae'sint — Be' cost = €' —sint
Hence
-A-B =0
B-A =

which is satisfied by A = —1/2 and B = 1/2. Since D?* —=3D +2 = (D —1)(D — 2), the
general solution is

y(t) =1/2 cos tel — 1/26t sint 4+ Crel + zCye?

4.7.36: Note that L(e’) = 0 and L(e™%) = 0. Hence a particular solution is of the form
y(0) =146 (Aee + Be‘g) + C'. Then

Liy)=24¢" —2Be? —C=¢ —e7 42

which gives A = 1/2, B =1/2, and C' = —2. Notice that D* — 1 = (D — 1)(D + 1), so
the general solution is y(#) = 6 (1/260 + 1/26_0) — 24 Cie? + Cye Y. Use the initial
conditions to obtain

O:y(()) = C1+Cy-2

OI@//(O) = 1‘|‘Cl_02

which yields C; = 1/2 and C3 = 3/2. So the solution is
y(0) =1/20¢" +1/20e7 —24+1/2¢% + 3/2¢7°

4.8.48: Note that L(e™ " cos(z)) = 0 and L(e™"sin(z)) = 0. Use the rules on p. 197 to

conclude that there is a particular solution of the form
y(z) = Cia® 4+ Cox + Cs + 2((Caz + C5)e™ " cos(z) + (Cez + Cr)e " sin(z))
If you actually computed the general solution, you’d find

y(z) = 1/2362 —a+1/243/4ze “sina — 1/43626_9” cosz + Cre P sinz + Cae cosw

4.8.57: Note that L(e”) = 0. So we need to raise the power of z in the e” term of the

particular solution. Guess y(z) = 2 (Aze” + Be”) + C. Then
L(y) =8Ae” + 10 Aze” + 5 Be” —2C = ze® + 1



gives A =1/10, B = —4/25, and C' = —1/2. So a particular solution is
y(z) = 1/102%e" — 4/25xe" — 1/2
4.8.61: First, divide the equation by z? (you know z? # 0) to obtain y"(z) — 6y(z) =
272 — 6, which is now a Cauchy-Euler equation. After substituting z = e’, we have

— T _gy=e—6

Note that D? — D — 6 = (D — 3)(D +2), so the solutions of the homogeneous equation
are y(t) = C1e® + Cre?. Hence L(e™2') = 0, and you should guess y(t) = Ate™%' + B
for the particular solution. Then

Ly)=-5A4e?'—6B=¢2 -6
gives A = —1/5 and B = 1. So the general solution is y(t) = —1/5te™* + 1 + Cye’ +

Cye™?'. But we want it all in terms of z. That is
y(z) = —1/536_2 Inz + 1+ Cya® + Cox™?

4.9.1: D?+4 = (D +2¢)(D — 21), so the solutions of the homegeneous equation are linear
combinations of y; = cos 2z and y = sin 2x.
Let ¥ = v1y1 + v21y2, and use variation of parameters as in 4.9:

V1Y + vhys = v] cos2x + vhsin2z = 0
viyy + vhyh = —vi2sin 2z + v42cos2z = tan2z
Add (2sin2z)(1) + (cos2z)(2):
vy(2sin® 2z + 2cos?2z) = sin2az
o sin 2z
P2
, sin? 2%
?]1 = -
2 cos 2z

Now integrate to find »; and wvy:

/ sin 2x cos 2x
vy = de = —
2 4
in? 2 292 -1 1
vy = — S 2 dz = cos vl dr = — | cos2x — sec2zdx
2cos2z 2cos2z 2

L .
= Z(sm?w — In | sec 2z + tan 2z|)

Hence a particular solution is y(z) = %((sin 2z—In | sec 2z+tan 2z|) cos 2z —cos 2z sin 2z) =

—% In | sec 22 4 tan 2z| cos 2z, and the general solution is
1
y(z) = 1 In | sec 22 4 tan 2z| cos 2z + Cy cos 2z + Cysin 2z

4.9.22: First divide by 2? (you know it’s not 0):

1 1
noooT o 1 = _ 1/2
y +xy+( 4962)@/ x



Now let ¥ = v1y1 + v2y2 and use variation of parameters:

1/2 1/2

U{@/l + Uéyz = 71136_ cosx + véx_ sine = 0
V1Y) + vhyh = v{(—l/?x_S/z cosz — a2 /2gin z) + vé(_l/gx—i*/? sinz + 2~ /2 cosz) = #1/2
Multiply the first equation by 2'/2 and the second by 23/2 to simplify them.
ViYL + vhys = vjcosa + visine = 0
vyl 4+ vhyy = —1/2v] cosx — vizsinx — 1/2v)sinz + vhrcosz = z?

Notice that —1/2v] cos z—1/2v} sin = 0, so the second equation turns into —v{z sin 2+
vhz cosz = 2. After dividing by z, we have —v{ sinz 4 v} cosz = z. It is now easy to

compute
vh = xcosw
v] = —axsinz
After integration by parts
vy = xsinz 4+ coszw
v1 = xcosx —sinzw
A particular solution is y(z) = (z cosz —sin z)z~"/? cos 4 (2 sin z 4 cos 2 )z~ /? sin & =

21/2. And the general solution is y(z) = 21/2 + Clx_1/2 cost + ng_l/Q sin x.
4.9.5: Notice that D? —2D + 1 = (D — 1)%. Hence we can solve the two equations:

(D—1)w = a7t
D=1y = v
To solve v/ — v = x71e®, multiply by p(z) = ef ~1dw — ¢=% Then

et —e = 1)z

—(e"v) = 1/z

efv = /1/xdw:ln|x|—|—€1
v(z) = e ln|z|+ Cre”

—T.

To solve y' —y = " In|z| + C1e”, multiply by u(z) =€

e Ty —e Ty = In|z|+C}
d
ey = Ifel+ G

ey = /ln|x| + Cide =zln|z| — o+ Cra 4+ Cy

y(z) = zeln|z| — xe” + Crae” + Cie”
You can integrate In |z| by noting that In|z| = Inz for 2 > 0 and In |2| = In(—2)
for # < 0. Hence [In|z|dz = [Inadr = zlnaz — 2 + ¢ for x > 0 and [In|z|dz =
JIn(-2)de = —((—2)In(—2) — (—2)) + ¢ = aln(-z) — 2 + ¢ for ¢ < 0. Hence

JIn|z|dz = alnjz| — 2z + c.



