
The earliest episodes from the history of mathematics

make it clear that the need for counting was the basis for the

development of numeration systems. As you will see in this

chapter, these systems range in concept from the simplest

ones, which use tally marks, to our current place value sys-

tem. One of the greatest advantages of our current system is that algo-

rithms, or procedures, for computation are relatively easy. For example,

when we add or subtract two numbers in a vertical manner, we “line them

up in columns” so that digits representing the same place values are com-

bined. It is possible that this procedure is the only one you have ever used

when adding and subtracting using pencil and paper. There are, however,

alternative methods for performing computations, and some of them are

covered in this chapter.

One of the most interesting of these alternative algorithms is the

nines complement method for subtracting. To use this method, we first

agree that the nines complement of a digit n is 9 � n. For example, the

nines complement of 0 is 9, of 1 is 8, of 2 is 7, and so on, up to the nines

complement of 9, which is 0. Now suppose we want to subtract

25,341

�8,496.

We fill in any missing place values in the subtrahend (8,496) with zeros so

that there are the same number of digits in both numbers:

25,341

�08,496.

Next, replace each digit in the subtrahend with its nines complement,

and then add:

25,341

�91,503

116,844.

Now, delete the first digit (1), and add 1 to the remaining part of the sum

(16,844):

16,844 � 1 � . Answer

The answer to the original subtraction problem is 16,845.

k16,845
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152 CHAPTER 4 Numeration and Mathematical Systems

Earlier we introduced and studied the concept of a set, a collection of elements. A
set, in itself, may have no particular structure. But when we introduce ways of com-
bining the elements (called operations) and ways of comparing the elements (called
relations), we obtain a mathematical system.

Symbols designed to represent
objects or ideas are among the
oldest inventions of humans.
These Indian symbols in Arizona
are several hundred years old.

Tally sticks like this one were
used by the English in about
1400 A.D. to keep track of financial
transactions. Each notch stands
for one pound sterling.

Mathematical System
A mathematical system is made up of three components:

1. a set of elements;
2. one or more operations for combining the elements;
3. one or more relations for comparing the elements.

A familiar example of a mathematical system is the set of whole numbers
along with the operation of addition and the relation of equality.

Historically, the earliest mathematical system to be developed involved the set
of counting numbers or initially a limited subset of the “smaller” counting numbers.
The various ways of symbolizing and working with the counting numbers are called
numeration systems. The symbols of a numeration system are called numerals.

 
of some cultures contain no words for numbers beyond “one,” “two,” and maybe an 
indefinite word suggesting “many.” For example, according to UCLA physiologist
Jared Diamond (Discover, Aug. 1987, p. 38), there are Gimi villages in New Guinea
that use just two root words—iya for one and rarido for two. Slightly larger num-
bers are indicated using combinations of these two: for example, rarido-rarido is
four and rarido-rarido-iya is five.

A practical method of keeping accounts by matching may have developed as humans
established permanent settlements and began to grow crops and raise livestock. People
might have kept track of the number of sheep in a flock by matching pebbles with the
sheep, for example. The pebbles could then be kept as a record of the number of sheep.

A more efficient method is to keep a tally stick. With a tally stick, one notch or
tally is made on a stick for each sheep. Tally sticks and tally marks have been found
that appear to be many thousands of years old. Tally marks are still used today: for
example, nine items are tallied by writing 

Tally sticks and groups of pebbles were an important advance in counting. By
these methods, the idea of number began to develop. Early people began to see that
a group of three chickens and a group of three dogs had something in common: the
idea of three. Gradually, people began to think of numbers separately from the things
they represented. Words and symbols were developed for various numbers.

The numerical records of ancient people give us some idea of their daily lives and
create a picture of them as producers and consumers. For example, Mary and Joseph
went to Bethlehem to be counted in a census—a numerical record. Even earlier than
that, as long as 5000 years ago, the Egyptian and Sumerian peoples were using large
numbers in their government and business records. Ancient documents reveal some
of their numerical methods, as well as those of the Greeks, Romans, Chinese, and
Hindus. Numeration systems became more sophisticated as the need arose.
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