MATH 521B ExAM 1 SOLUTIONS
Feb 25, 2008

1. (10 pts) Prove that (1234) is not a product of 3-cycles.

Note that a 3-cycle (abc) can be written as a product of two transpositions. For example,
(abc) = (ab)(bc). Hence any 3-cycle is even. On the other hand, (1234) = (12)(23)(34),
which shows it is odd. Any product of even permutations must be even, hence (1234) cannot
be a product of 3-cycles.

2. (10 pts) Let H = {# € S5 | B(1) = 1 and ((3) = 3}. Prove that H is a subgroup of S5. Is
your argument valid when 5 is replaced by any n > 37

Clearly H C S5. Note Id € H as Id(1) = 1 and Id(3) = 3. Suppose «, 3 € H. Then
aB(l) =a(8(1)) =a(l) = 1.
Similarly, a(3(3) = 3. Hence a8 € H. Also,
a (1) =a (1)) =1d(1) = 1.

Similarly, a=1(3) = 3. Therefore H is a subgroup of S5 by the Two-Step Subgroup Test.
The above argument works fine with any other n > 3 as it uses nothing special about Sj.

3. (10 pts) If 3 € S7 and |3%| = 7, prove that |3| = 7.

Let n = |8]. Since |33 = 7, we know 32! = (). Therefore n|21. Clearly n # 1,3, otherwise
(% = () and |33| would be 1. But n cannot be 21 either. To have order 21, the least common
multiple of the lengths of the disjoint cycles of 3 would have to be 21. Therefore at least one
of them would have be divisible by 7, and one of them (possibly the same one) would have
be divisible by 3. This is impossible since the sum of the lengths cannot be more than 7 in
S7. Thus |B] =T7.

4. (10 pts) Prove that every element of S,, (n > 2) can be written as a product of transpositions.

First, let o = (1 z2 ... xx) be a cycle of length at least 2. Then
o= (x1 xo)(xg x3) -+ (Tp—1 Tk).

You can verify this by direct computation.

Now for a general non-identity element o, just write it first as a product of disjoint cy-
cles (we proved in class this can always be done), then write each cycle as a product of
transpositions as above. This gives o as a product of transpositions.

If o = (), you can think of it a product of 0 transpositions, or if you don’t like that, write

()= (12)(12).

NB: This proof does not actually use that the cycles are disjoint. The only reason to write
o as a product of disjoint cycles first is because we have a theorem that says this is always
possible. In fact, any cycles would be good enough for our purpose here.

5. (10 pts)
(a) Write
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in disjoint cycle notation.

1
4
253

g 2 g 2 6)2(14)(276)(35).
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(b) Write (1643)(6 )(15) as a product of disjoint cycles.

(1643)(6253)(15) = (256)(34).
(c) Write (1643)(6253)(15) as a product of transpositions. Is it even or odd?

One possibility is to use the same idea as in problem 4 on each cycle:
(1643)(6253)(15) =(16)(64)(43)(62)(25)(53)(15).
This has 7 transpositions, so the permutation is odd.
(d) If o = (1643)(6253)(15), what is 020077

We use the fact that disjoint cycles commute and that the order of an n-cycle is n:

0,2007 — ((2 56)(3 4))2007 (2 56)2007(3 4)2007 ()(3 4) — (3 4)_
6. (10 pts) Find the number of elements of order 6 in S.

To have order 6, the lengths of the disjoint cycles of the permutation must have 6 for
the their least common multiple. Their sum cannot be more than 5 either. So the only
possibility is that there are two disjoint cycles, one of length 3 and another of length 2. That
is 0 = (abc)(de). There are 5 choices for a, 4 for b, 3 for ¢, 2 for d, and only 1 for e. This
would give us 5! choices. But (abc) = (bca) = (cab) and (de) = (ed), so 6 different choices
will give the same permutation. Hence the number of elements of order 6 in S5 is 5!/6 = 20.

7. (15 pts) Extra credit problem.
(a) Let a, B € S,, such that & = (aj ag ... ai). Prove that

Bapt = (B(a1) Blaz) ... Blag)).

Let z € {1,2,...,n}. If x = ((a;) for some 1 < i < k. Then

BaB~H(z) = BaB~(B(a;) = Bala;) = Blait1).

which is exactly where the cycle (5(a1) B(a2) ... [(ax)) maps z.
The same argument shows that

BaB™(Blar)) = Blar)
as it should be.
Finally, let = & {8(a1), B(az), ..., B(ax)}. Then 371(x) & {a1,as,...,a;}. Therefore a

leaves 37 1(x) fixed. That is a(87(z)) = 87 1(x). So
Baf™ () = BB~ (x)) = =

In this case, the cycle (B(a1) B(az) ... B(ax)) would also leave z fixed.
So Baf~! permutes the elements of {1,2,...,n} exactly the same way as the cycle
(B(a1) Baz) ... B(ak)) does. Therefore they must be equal.

(b) Use your result from part (a) to write (215)(3124)(251) as a single cycle.



Note that (251) = (215)~! and (251) sends 1 to 2 and 2 to 5. So
(215)(3124)(251) = (215)(3124)(215)"> = (3514)
by the result in part (a).

Use your result from part (a) to prove the following theorem: If o, 3 € S, then BaF~*
is the permutation we get by writing down « in cycle notation and applying § to each
entry. (Note this is more general than the statement in part (a) because we are not
assuming « to be a cycle.)

Let a € S,,. Suppose @ = ajas - - - ai where ag, s, ..., qr are cycles. Then
Baf ™t = Barag -
= Bar (B B)aa(71B) - (B B
—~— T~ ~——
Id Id Id
= (BarB7 1) (BagB™Y) - (BawB™)

By part (a), (Ba;371) is just the cycle o; with 3 applied to each entry. This shows that
BaB 1 is o with B applied to each entry in each cycle of a.



