MATH 524 EXAM 1 SOLUTIONS
Feb 20, 2013

. (5 pts) Let F be any field. Determine if the following subset of F3 is a subspace of F3:

{(x17$27333) S F3 P X1T2x3 = 0}

Call the above set U. It is not a subspace of F3 because it is not closed under addition.
For example, let u; = (1,1,0) and uy = (0,0,1). It is clear that uy,us € U. But u; + ug =
(1,1,1) ¢ U.

. (10 pts) Give an example of a nonempty subset U of R? such that U is closed under scalar
multiplication, but U is not a subspace of R2.

Let U = {(z,y) € R? | zy = 0}. Notice that U is actually the union of the z-axis and
y-axis. Obviously, (0,0) € U, so U is not empty. Let u = (z,y) be any vector in U and a € R.
Then au = (ax, ay). Since u € U, zy = 0. So (ax)(ay) = a®zy = 0. Hence av € U. So U
is closed under scalar multiplication. Now (1,0),(0,1) € U, but (1,0) + (0,1) = (1,1) € U,
so U is not closed under addition.

. (10 pts) Let V' be a vector space. Suppose that U is a subspace of V. What is U + U?

We will show that U +U = U. First, let u € U. Then u =u+0 € U + U. This is true for
alueU,soU CU+U. Now, let u € U+ U. Then u = u; + us for some uy,us € U. But
U is a subspace, so U is closed under addition. Hence u € U. This is true for all u € U 4+ U,
soU +U CU. Therefore U +U =U.

. (10 pts) Let V' be a vector space over the field F'. Prove that a-0 =0 for all a € F.
See Proposition 1.5 in your textbook.

(a) (3 pts) Let V be a vector space and Uy, Us, ..., U, be subspaces of V. Define Uy + Uy +
e+ U,

U+Us+---+ 1, Z{u1+UQ+"'+un|u1EUl,UQGUg,...,unEUn}
(b) (3 pts) Define what it means for Uy + Us + - - - + U,, to be a direct sum.

The sum Uy + Uy + - - - + U, is direct if every w € Uy + Uy + - - - 4+ U, can be written as
U = u; + u2 + - - - + u, uniquely.

(c) (9 pts) Let V =R3 over R and Uy = {(x,y,2) | v +y+2 = 0}. Find a subspace Uy C V
such that V' = U; @ Us. (Obviously, you need to prove that V = U; @ Us.)

Let Uz = {(x,0,0) | z € R. That is Uy is the z-axis. Since U; and Us are both subspaces
of V, Uy + Uy C V. Now, let v = (z,y, z) be any vector in V. Let u; = (—y — z,y,2)
and us = (y + 2,0,0). Notice that u; € Uy, ug € Ua, and v = uj + uz. So VC Uy + Us.
Hence V = U; + Us.

By Proposition 1.9, if U3 N Us = {0} then U; + Uy is direct. Let v = (z,y, z) be in

U NUs. Thenv eUs,so0y=2=0. ButveUy,sox=x+y+2=0too. Sov=0.
0

Hence U; N Uy = {0}.



6. (10 pts) Extra credit problem. Let V be a vector space and Uy, Us, ..., U, be subspaces
of V. Prove that U = Uy + Us + - - - + U, is the smallest subspace of V such that U; C U for
all 1 <4 < n. Le. you need to prove that if W is a subspace of V' such that U; C W for all
1<i<nthenU CW.

Let W be a subspace of V such that U; C W for all 1 < i < n then U C W. Let
welUy+---+U,. Thenu=wuj+---+wu, for some u; € U; for 1 < i < n. Since u; € U; and
U; C W, then u; € W for all i. But W is a subspace, so it is closed under addition. Hence
u=1uy+---+u, €W. This is true for all u € U, so U C W.



