MCS 119 Exam 1

1. (10 pts) Sketch the graph of a function g for which

e 9(0)=9g(2) =g(4) =0
g (1)=9¢'(3)=0

g (0)=g'(4) =1

° g (2)=-1

o lim, ,o g(z) =00

o lim, , o g(z)=—00

Do not forget to justify your work, for example, by explaining how you used each condition
in constructing your graph.

We are given g(0) = ¢g(2) = g(4) = 0, which tells us that the graph must pass through
the points (0,0), (2,0), (4,0) on the z-axis. To satisfy ¢’(0) = ¢’(4) = 1, the graph must be
increasing as it passes through (0,0) and (4,0), and it must actually be increasing at a rate
of 1, which tells us how steep it at these two points. Similarly, the graph must be sloping
down at a slope of —1 as it passes through (2,0). The condition ¢'(1) = ¢'(3) = 0 tells us
that the tangent lines are horizontal at x = 1 and at « = 3, which is why the graph has
a peak and a valley at these values of . Finally, the two limits tell us that as x increases
toward oo, the graph is headed toward the upper right, and as = decreases toward —oo, the
graph is headed to the lower left.

2. (10 pts) Use the definition of the derivative to find the derivative of f(x) = /6 — x.

) . f(z) = f(a)
O
. V6—2—+v6—a
T—a T —a
— V6—z2—v6—aV6—z++V6—a
z—a r—a V6—2+V6—a




Notice that we can multiply and divide by /6 — z + /6 — a because it cannot be 0. Since

V6 —2 >0 and /6 —a > 0, the only way v/6 —x + /6 — a could 0 is if both /6 —z =0
and /6 — a = 0, which happens only if x+ = a = 6. But + — a means z is approaching a but
x # a. Let us just work on the expression in the limit:

Vo—z—V6—aVb—a+v6—a  o—z —o—a
T —a Vo—z+v6—a (z—a)(V/6—z+6—a)

B 6—x—(6—a)
C(z—a)(V6—z+6—a)

(x —a)(vV/6 —x++6—a)
B —(x—a)
C(z—a)(V6—z+6—a)

We can now cancel x — a as it is not 0. Hence

B lim, 4 (—1)
 limg_, (V6 —2+6—a)
B lim,_,q(—1)
 limg_a 6 — 4 limy_q V6 — a
~1
~ Vlimg . (6 —2) + V6 —a
—1
B vb—a++v6—a
1

- 2/6 —a

by LL5

by LL1

by LL7 and LL11

by direct substitution

So

Alternately, we could have argued that
li —
im
z=a /6 —z+ 6 —a

can be evaluated by direct substitution because the function g(x) = m is continuous.

This is because we know 6 — z is continuous, as it is a polynomial and so /6 — x is also
continuous at every zx in its domain by Theorem 6 in Section 1.5. Now, —1 and /6 — a do
not depend on z, so they are constant functions and therefore continuous. Finally, sums and
quotients of continuous functions are continuous by Theorem 4 in 1.6.

3. (b pts each) Let
22 + 32— 10
@) =5 v

(a) Use the definition of vertical asymptote to find the vertical asymptote(s) of f(z).

By definition, f has a vertical asymptote is at x = a if one of its one-sided limits at « is
00 or —oo. Since f is a rational function, the only reason it may have such a limit is if



the denominator approaches 0 at a, while the numerator approaches a nonzero number.
To figure out where this may happen, we will factor the numerator and the denominator:

(z+5)(x—2) BHx+5)(r—2)

f@) =5 =D - w-2@=D

Notice that the denominator is 0 at x = 1 and x = 2. But the numerator is also 0 at
=2

Let us see what happens if x — 1. First, notice that we can cancel z —2 since x —2 # 0
when x is a number getting close to 1. So

5(z +5)
rx—1 "

fz) =

As z — 17, o — 1 approaches 0, while 2 — 1 > 0. Hence the denominator is a positive
number that is getting closer and closer to 0. The numerator on the other hand is
approaching 5(1 4+ 5) = 30 (by direct substitution or by using the limit laws). So the
value of f is a large positive number and is becoming larger and larger. Therefore

li = o0.
A () = o

This shows f(x) has a vertical asymptote at x = 1.
What about x = 27 Note that

. 5@ +h)(r—-2) 5(z +5)
lim f@) = I ) T

because we can again cancel z — 2, as * — 2 # 0 when & — 2. The expression in the
limit is a rational function, so the limit can be evaluated by direct substitution if this
does not result in 0 in the denominator:

5x4+5) 5(24+5)

li — — 35.
e S 21

Since the limit is 35, the left and right limits must be 35 as well. Hence x = 2 is not a
vertical asymptote.
So z =1 is the only vertical asymptote of f(z).

(b) Use the definition of horizontal asymptote to find the horizontal asymptote(s) of f(x).

z2 z2

F§+M_w

z2 3z 4 2
2 2 z2

3 10
Lt s — o
1—-3 4+ 2
x2 z2

lim 14319
:5_“Hm( z @) by LL# 3 and LL# 5
limg o (1= 35 + %)

1
o1
5



where we used the fact that %, 19 and % all approach 0 as x — oco. Similarly,
x x

2 22 | 3z _ 10
3z — 10 e
lim [596;'7”]: lim |52 2% 2
T——00 x4 —3x+2 T——00 %2_;9264_?
1+3-19
= lim |[5—% =&
T——00 1_3?24_?
1
=5
1
=5

Therefore the only horizontal asymptote of f(x) is y = 5.
4. (a) (6 pts) Prove that if f: R — R is a constant function f(x) = ¢ then f/(z) = 0.

flx) = fla) _ . c—c

f'(a) = lim = lim = lim = lim 0 = 0,
T—a T — a r—=a T — Q T—a r — Q T—a
where we used the fact that x —a # 0 as x — a, so ﬁ =0.
(b) (4 pts) Use the Power Rule to differentiate f(z) = 1/v/z2.
d 7 d 2 2 2
Sy bt ST 29T
iV = T 7* 7" 7320

5. (10 pts) Extra credit problem. Let n be a positive integer and let f(z) = /z = 2%/

Use the definition of the derivative to find f’(x). Hint: You can do this similarly to how we
found the derivative of " in class. The algebraic identity

A" — b= (a—b)(a" T4+ a" 24+ a3 4+ a2 a2 0

may be useful for factoring the denominator.

@) = tim L0 = (@)
r—a Tr— a
T—a r—a
Now, we can factor z — a as
r—a= {L/En - W
= (Vo — Vo) (V" + VT s YT T
Hence
VE - ya _ Vi - ya
T (Y ) (VT T T et
1

VT T T At + YT



where we could cancel {/z — {/a because x # a as ¢ — a, so Yz — {/a # 0. Now, we will
have to do the limit as # — a. Notice that

lim /z = /a by LL#10
lim {/z A by LL#6
lim Ve ad T = wd e = et by LL#3 and LL#6
Therefore
lim (/2" + /e a4 Ve ) = nia

Tr—a

by LL#1 and the fact that the sum

W_1+ 7\1/571—2,\1/&_{__}_ %%n—2+ %n—l
has n terms.
Now, by Limit Laws #5 and #7,

1 1
f/(CL) = lim n—1 ) ) n—1 n—1"
v T 4 a4+ YT+ Ya n3/a




