LOW-DIMENSIONAL UNITARY REPRESENTATIONS OF Bj;

IMRE TUBA

ABSTRACT. We characterize all simple unitarizable representations of the braid
group B3 on complex vector spaces of dimension d < 5. In particular, we
prove that if o1 and o2 denote the two generating twists of B3, then a simple
representation p : B3 — GL(V) (for dim V' < 5) is unitarizable if and only if the

eigenvalues A1, Az, ..., Ag of p(o1) are distinct, satisfy |\;| = 1 and ugrj) > 0 for
2 < i < d, where the ugf) are functions of the eigenvalues, explicitly described
in this paper.

1. INTRODUCTION

Unitary braid representations have been constructed in several ways using the
representation theory of Kac-Moody algebras and quantum groups, (see e.g. [1],
[2], and [4]), and specializations of the reduced Burau and Gassner representations
in [5]. Such representations easily lead to representations of PSL(2,Z) = B3/Z,
where Z is the center of Bs, and PSL(2,Z) = SL(2,Z)/{+£1}, where {£1} is the
center of SL(2,Z). We give a complete classification of simple unitary represen-
tations of B3 of dimension d < 5 in this paper. In particular, the unitarizability
of a braid representation depends only on the the eigenvalues A1, Ao, ..., Ag of the
images of the two generating twists of Bs. The condition for unitarizability is a
set of linear inequalities in the logarithms of these eigenvalues. In other words, the
representation is unitarizable if and only if the (arg A1, arg Ao, ..., arg \y) is a point
inside a polyhedron in (R/27)¢, where we give the equations of the hyperplanes that
bound this polyhedron. This classification shows that the approaches mentioned
previously do not produce all possible unitary braid representations. We obtain
representations that seem to be new for d > 3. As any unitary representation of
B,, restricts to a unitary representation of B3 in an obvious way, these results may
also be useful in classifying such representation of B,,.

I would like to thank my advisor, Hans Wenzl, for the ideas he contributed to
this paper and Nolan Wallach for his suggestions.

Let B3 be generated by o7 and oy with the relation oi10001 = 090105, It is
well-known that the center of Bs is generated by (0102)3. Let K be any field. If
p is a simple representation of Bz on a K-vector space V, then p(o02)% must act
on V as a scalar § € K. Since o7 and o9 are conjugates via 10907, their images
A = p(o1) and B = p(02) have the same eigenvalues A1, Aa, ..., A\g. We will need
the following two results from [3].

Theorem 1.1. (1) Let K be an algebraically closed field, V a d-dimensional
K -vector space, and A1, Xa,...,A\g € K — {0}, where d < 5. There exists
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a simple representation p : Bs — GL(V) such that the eigenvalues of A =
p(o1) satisfy Q%) % 0 for all r # s where the polynomials Q&i) are as
follows:
Q) = A2+ M\ As — A2

Q) = (A2 4 X i) (A2 + Adg)
with k # r, s.
Q1 ==y OTHNOTH DO+ A+ XA (7 + A+ XA
with 2 =X+ Aq and k, 1 # 7, s.

QY =7 8( + XMy + A+ A+ 22 [ 0% + A (02 + Ahe)
k#r,s
with ’}/5 = )\1 . ')\5.
(2) A simple representation of Bz of dimension d < 5 is uniquely determined

up to isomorphism by the eigenvalues of A = p(o1) (for d < 3) and §, where
p((710'2)3 =0 Idv (fOT d= 4, 5)

Explicit matrices for A = p(01) and B = p(o2) are also listed in [3].
The functions Qg) are defined in [3] by

P (B)PIY(A) PP (B) = QLY PV (B),
where PV (z) = [Liz-(x — Xi). Note that substituting A; = €*™ and taking

logarithms reduces the problem of finding the zeroes of Qg) to solving a system of
linear equations in the ¢;. (See Example 4.2.)

Proposition 1.2. Let p : B3 — GL(V) be a simple representation of dimension
d < 5. Then the minimal polynomials of A = p(c1) and B = p(o2) are the same as
their characteristic polynomaials.

An immediate consequence of this is

Corollary 1.3. If A (or B) is a diagonalizable matriz, then it has distinct eigen-
values A1, Aoy ..., Ag.

Proof. Since A is conjugate to some diagonal matrix D, its minimal polynomial
is just p(z) = [[(x — d;) where the d; are the distinct diagonal entries of D. By
the previous proposition, deg p = d; hence D must have d distinct diagonal entries.
Thus all of the diagonal entries of D are distinct. O

Since we are interested in unitarizable representations, we will let K = C and
we will require that |A\;] = 1. Let p: B3 — V be a simple d-dimensional represen-
tation (d < 5), and A = p(01), B = p(o2). Any unitarizable complex matrix is
diagonalizable, so we can assume that A and B are diagonalizable. So the eigen-
values A1, Ao, ..., \g are distinct by the last corollary. Let ¢ be the scalar via which
p(c102)% acts on V, that is (AB)3 = 6I. Denote the C-algebra generated by A and
B by B. In other words, B = p(C Bs), where C Bs is the group algebra. Note that
B = End(V) by simplicity.

The proof proceeds by defining a vector space antihomomorphism 2 : B — B
and proving that it is an algebra antihomorphism and an involution of B in section
2. In section 3, we define a sesquilinear form (.,.) on the ideal I = Bepg that is
invariant under multiplication by A and B. We prove that (.,.) is positive definite
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if u:(ff) > 0 for 2 <4 < d. In this case, p is a unitary representation of B3 on the
d-dimensional vector space I. We also prove that p is a unitarizable representation

u&‘f) > 0 for 2 < ¢ < d. In section 4, we give some examples of using the positivity

(d)
of py;”.
2. AN INVOLUTION OF THE IMAGE OF Bj

Let epr,; be the eigenprojection of M to the eigenspace of A;, where M € {A, B}.
That is,

M — )\ P (M)
EM,i = H = .
Note that e ; and ep; always exist because the eigenvalues are distinct. Also

d d
em,iem,j = 0ijen ;- Define ,ul(.j) by epea jeB,; = uz(-j)egi. Note that

(d)
T Tz = A) T, (A — An)

Lemma 2.1. The ul(.j) are real numbers.

Proof. For i # j, the proof is by direct computation using \; = )\i_l and y = v~ L.

For example, for d = 5:

g — PR ADO + Ay 4 A T, (0 + XA+ Ahe)
& Y Mszs Ni = M) Tz (A5 — k)
ORI O TN T, (07 + XA (0 + A )
a (1= XA DA = XA VO Tz s Ni = M) (Aj — Ax)
The first of the two quotients is easily seen to be real. For the second quotient,
Il ;O XAe) (V2 + NAk) | [Tz (2 + NI+ )\j_l/\;l)
( 70 Hk;&i,j(}\i — M) (A — k) ) a y~6 Hk#,j()\;l - )‘1;1)()‘;1 - )‘1;1) .

Multiply the numerator and the denominator by 712)\?)\? I, i )\i to see that this

is still ) )
Hk;ﬁi,j('y + AiA) (7 4 AjAk)
VO ks s (A — Ae)(Aj — Ax)

For the case i = j, note that 22:1 ear=1,s0

ep; = epilep;

d
= eB,iE €A keB,i
k=1
d
= E €B,i€A,kEB,i
k=1

d
d
= Z Mz(k)eB7i'
k=1

Hence 22:1 ul(-z) =1, and Mz('?) =1-3 4 ,ul(.z) is real. O
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Proposition 2.2. S ={e4epiea;|1<i,j<d, i#jtU{ea;|1<i<d}isa
basis for the C-vector space B.

Proof. Suppose

d d d
E E Q€A EB,1€A; + E aiea; = 0.
i=1 j=1 i=1

JFi

Multiply by ea,; both on the left and on the right. The only term of the sum that
survives is

Q€A G = 0.

Let v; be an eigenvector of A corresponding to A;. Then ey ;v; =v; #0,s0€e4,; # 0.
Hence «;; = 0.
For ¢ # j, multiplying by e ; on the left and by e ; on the right shows

Q;j€AEB1EA; = 0.

But
d) (d)
€B,1€AEB1€A jEB1 — (eB,leA,ieB,l)(GB,leA,jeB,l) = /ng uﬁi €B,1 75 0,

so eaiepiea; # 0. Hence oy = 0. So S is linearly independent. It has d?
elements, hence it is a basis of the d?>-dimensional space B. g

Note: if we know ,ugid) # 0 for all ¢, we can use the basis S’ = {ea ep €4, | 1 <
i,j < d} instead of S. Asea epie4,; = ME;%AJ, S’ is almost the same as S. Since
S’ is more symmetric than S, its use makes the following computations simpler and
the arguments more transparent. In the most general case however, ugf ) could be
0.

Define ¢+ : C — C as the usual complex conjugation. Extend : to B — B
by requiring ¢ to be an antilinear map with 2(es ;) = ea,; and (e ep1€a;) =
ea,jepiea, for i # j. Note that Z(/,LZ(-;I)) = ;Ag;-i).

Lemma 2.3. ¢ as defined above is an antthomomorphism on the algebra B and
2
1”7 = IdB.

Proof. 1t is sufficient to prove that + acts as an antihomomorphism on the elements
of the basis S. S has two different types of elements, therefore we will have four
different cases. Since each can be verified directly by a simple computation, we will
show the details for only one:

(1)
wleaea;) =1(eaj)ileas).

(2)

wleaileajepiear)) = uleajepiear)iea),
((eaiep1eajlear) = lear)ilea e iear).
(3) For i # k,

1((ea,iepi€aj)(earenea)) = (eaepiear)(eajeni€a,i).
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(4)

1((ea,iep,1€a)(ea jepiear)) = uleai(eneajen1)ear)

= wleai(wVep1)ean)

d
= wiYileaieniear)

_ (d) )
= H15€AkCB,1CAi-

Also
eajepiear)leaieniea;) = (eareniea)(eajeniea)
= ear(enea eni)ea,
) )
- Mlj €A KEB1€A ;-
That 22 = Idp follows immediately from the definition. O

Lemma 2.4. i(eg1) =ep,1.

Proof. First note that 2(e4 ep1€4,) = z(ugz)eA i) = /Lgf) =ey4,651€4,. Mul-

a

tiply eg1 by 1 = Z?Zl e4,; on both sides:

d d
€B,1 = g €A | €B,1 E €A :E €AEB1€CA;

i=1 j=1 inj
into
d d d d
epa) = Z Ze i€B1€A; | = Z Zz(eA,,»eBJeAJ-)
i=1 j=1 i=1j=1
d d
ZZ €A jEB1€EA, z = €B,1-
i=1 j=1
(|
Corollary 2.5. 1(A) = A~! and (1) = 1.
Proof.
d d
ZA ead) =) Nialeai) =D A teai= AT
i=1 i=1
Similarly,
d
D ean) =D ueas) Z@Az—f
i=1
|

Lemma 2.6. +(B) = B~ 1.
Proof. Note that
A Y(B)A™! = 4(A)(B)y(A) = (ABA) = «(BAB) = 1(B)A~'4(B).

That is, A~! and 1(B) satisfy the braid relation. So the group homomorphism p’ :
Bs — GL(V) defined by p'(c1) = A~ and p/(02) = 2(B) is another representation
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of B3 on V. Once again, the braid relation implies that A~! and 2(B) are conjugates.
Hence they have the same eigenvalues, namely )\1_1, Ay Lo, )\gl.

But 2 : B — B only permutes the basis S of B = End(V). Hence (B)
1(End(V)) = End(V) and A~! and 2(B) generate the algebra End(V'). That is, p
is also a simple representation of Bj.

Now, (A71(B))? = 2(BA)? = 1y(AB)? = 1(6I) = 6 = 671 (recall |5] = 1).
By Corollary 1.1, the eigenvalues A7 ', Ay Y, ..., A " (if d = 2,3) or the eigenvalues
together with ¢ (if d = 4,5) uniquely determine a simple representation of Bz on
V' up to isomorphism.

But we already know such a representation, namely o1 — A~! and oy —
B~1. Hence there exists M € GL(V) such that A= = MA=!M~! and «(B) =
MB~'M~!. Then M is in the centralizer of A.

~

d
B—\
Meg M™' = M RV
€B,1 ([[2 A — )\i>
B ﬁ MBM~' — ),
i=2 A=A
B ﬁ WB~1) =\
i=2 A=A

I
s WAL= AT

d _

B~ -\t
B (HA—A>

Call the quantity in parentheses ¢. Note that ¢ is the eigenprojection to the
subspace spanned by the eigenvector w; of B~! with eigenvalue \| 1 But the

eigenvectors wy,ws, ..., wq of B™1 are also eigenvectors of B and span V (the
eigenvalues are distinct). Hence ¢(w1) = w1 = ep w1 and ¢(w;) = 0 = ep 1w; for
i > 2. That is, ¢ = ep,1 as their action on the basis {wy,ws,...,wq} is identical.

Then Lemma 2.4 shows 1(Meg 1 M~1) =1(¢) =1(ep1) = ep1.

Hence conjugation by M is a B-algebra isomorphism that fixes A and ep;. But
A and ep,; generate the basis S of B, hence they generate the algebra B. So
conjugation by M must fix every element of B. In particular, 2(B) = MB~*M~! =
B~L O

3. AN INVARIANT INNER-PRODUCT

Let B act on the left algebra ideal Bep ;. Note that Bep; is a d-dimensional
C-vector space, as ep,; is an idempotent of rank 1.

Definition 3.1. Define the form (.,.) on Beg 1 by
(aep,bep1)epn =1(bep1)aep = ep1u(b)aes 1

for aep.1,bep1 € Bep 1.
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It is easy to verify that (.,.) is a sesquilinear form on the C-vector space Bep 1.
Since 1(A) = A~! and »(B) = B!, this form is clearly invariant under the action
by A and B; hence p(Bs).

Lemma 3.2. T = {eaep1 |2 <i<d}U{ABAegp1} is a basis for left algebra
ideal Bep,1 considered as a C-vector space.

Proof. Suppose
d
alABAeBJ + ZaieA7ieB,1 =0.
i=2
Note that (es;ABAep1)(ABA)™" = ea,e41 = 81;. Since (ABA)™! is invert-
ible e4 ;ABAep; = 0 if and only if i > 2.
Multiply by e4,; on the left. Then ajeq1ABAep =0. But eq1ABAeg 1 # 0,
so a1 = 0.
Now, multiply by es; (i > 2) on the left. Then a;es,ep1 = 0. We know
€B,1€A,i€B,1 = ug?)eg’l # 0 by simplicity, so e4 ;ep1 # 0 and «; = 0.
Hence T is a linearly independent set, and we can conclude that it is a basis of
the d-dimensional vector space Bep 1. O

Note: if we know e 1ep1 # 0, we can use the more symmetric basis 77 =
{eaep1 | 1 <i < d} to simplify this and some of the following computations.
Unfortunately, es,1ep,1 could in general be 0. In particular, if ug‘? = 0, then
eaiep,1 = 0 too.

Theorem 3.3. The braid representation B is unitarizable if and only if ugcil) >0

for all 2 <i <d.

Proof. Suppose ugtf) > 0 for all 2 < ¢ < d. Consider the action of B on Beg ;.
The sesquilinear form defined above is invariant under the action of p(Bjs). So it is
sufficient to show that it is an inner product. That is, we need to prove that it is
positive definite. On the basis T":

<€A,i€B,176A,ieB,1> €1 = eB,l'L(eA,i)eA,ieB,l = €B,1€A,i€Ai€B,1

_ _ (@
= €BRB,1€4,i€B1 = [1; €B,1,

(ABAep,1,ABAeg1)ep1 = (eB1,€B,1)€B,1 =€B,1€B,1 = €B,1-

Hence (e €p1,€4,i€B,1) = p(lrf) > 0 for 4 > 2 by assumption, and

<ABA€B71, ABA(BB,1> =1.
We claim that T is orthogonal with respect to (., ,). Let i,5 # 1 and i # j:

(eajep,1,€eajep1)ep1 = epitleai)eajep1 =epieaea en1 =0,
<ABA€B,1, 6,4’2‘63’1> €B,1 = 63’12(614,1‘)1431463’1 = €B’1eA’¢ABA€B’1 =0.

We used ey ;ABAep ;1 = 0 in the last computation as before in Lemma 3.2.

Hence (., .) is a positive definite form. Then Bep ; is a C-vector space with inner
product {.,.) and the action of p(Bs) on this space is unitary.

Conversely, suppose B is unitarizable. So there exists V' a C-vector space with
inner product (.,.) and p : Bs — GL(V) such that A = p(o1) and B = p(o2) act
as unitary operators on V. Let * be the transpose induced by (., .). We know that
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A* = A~!' and B* = B™!. Let v € V be an eigenvector of B with eigenvalue ;.
Then ep v = v and

0 < (eaiem,1v,€4,i€B,1V) = <U7€E,1€f4,i€A,i€Bylv>
d d
= (v,epieaep1v) = <Ua/~t(u)€B,1U> = 17 (v,0).

Hence p,; (d) > 0. We know /L 7é 0 for ¢ > 2 by simplicity, so uﬁ) > 0 in this

case. O

4. EXAMPLES

Example 4.1. d =2:

‘ug) 7)\% + Mg — )\%
(A1 = A2)(A2 — A1)
/\% — AMAg + /\%
(A1 = Ag)?
A1A2
(A1 = A2)?
1
On /= 10/ — 1)
-2
> 0.

= 1-—

That is,

or A\ /Ay = €' for n/3 <t < 51/3.

Example 4.2. d =3:

2 (A1 = A2) (A1 = A3) (A2 — A1) (A2 — A3)

Az A A A
(1+ﬁﬁ) (3+3)

(-3 -2 (%)
3) _ (/\1+>\2>\3)()\2+>\1/\2)
M3 7 0= 2 = Aa) (= M) (s — Aa)
(=3) (-3) 02 (- 3)
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Let Wo = )\2//\1 and w3 = )\3//\1. Then

/1,(3) . (1 + (.03LU2) (LUQ + W3w2_1)
12 - )
11— wol® (1 — ws) (wo — w3)
3) (1 + wows) (o.)g + wa?)_l)
Hiz =

11— wsl® (1 —wa) (ws —wa)

Let €?™2 = wy and €™ = w3. So we are looking for (t2,t3) € [0,1)? such that

both u(132) >0 and ug‘? > 0. u(132) and #(1?:;) can change signs at

Wwawg = —1,
W3w2_1 = —Wwa,
wgwg—l = —ws,

Wy = 1,
w3y = 1,
wy = wWs.

These equations can be transformed into linear equations in ts and t3 by taking
logs:

1
to+t3 = >
1
ts = 2+,
1
g = 2t3+§7
t2 = Oa
ts = 0,
to = 3.

Of course, the above equations are all understood mod 1.

Computation by Maple shows that MS) > 0 and ug) > ( in the open set colored

black on the plot below. The grey regions are those where one of ug) and ug? is
positive and the other is negative. The line to = t3 corresponds to As = A3, in
which case the representation cannot be unitarizable.
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